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The charged axial-vector JP = 1+ tetraquarks Zq = [cq][¯bq¯] and Zs = [cs][¯bs¯] with the open
charm-bottom contents are studied in the diquark-antidiquark model. The masses and meson-
current couplings of these states are calculated by employing QCD two-point sum rule approach,
where the quark, gluon and mixed condensates up to eight dimensions are taken into account. These
parameters of the tetraquark states Zq and Zs are used to analyze the vertices ZqBcρ and ZsBcφ
to determine the strong gZqBcρ and gZsBcφ couplings. For these purposes, QCD light-cone sum rule
method and its soft-meson approximation are utilized. The couplings gZqBcρ and gZsBcφ, extracted
from this analysis, are applied for evaluating of the strong Zq → Bcρ and Zs → Bcφ decays’ widths,
which are essential results of the present investigation. Our predictions for the masses of the Zq and
Zs states are confronted with similar results available in the literature.
I. INTRODUCTION
Charmonium-like states discovered during last years
mainly in the exclusive B-meson decays as resonances
in the relevant mass distributions became interesting ob-
jects for both experimental and theoretical studies in high
energy physics. Conventional hadrons, composed of two
and three quarks, and investigated in a rather detailed
form constitute main part of the known particles. At
the same time, the theory of the strong interactions –
the Quantum Chromodynamics does not contain princi-
ples excluding an existence of the multiquark states. The
tetraquark and pentaquark states composed of the four
and five valence quarks, respectively, and hybrids built
of the quarks and gluons are among most promising can-
didates to occupy the vacant shelves in the multiquark
spectroscopy. Due to joint efforts of experimentalists and
theorists considerable progress in understanding of the
quark-gluon structure of the multiquark –exotic states
and explaining of their properties were achieved, but re-
maining questions are more numerous that answered ones
(for latest reviews, see Refs. [1–4]).
The main source of problems, which complicates the
studying of the charmonium-like tetraquarks, is the ex-
istence of the conventional charmonium states in the en-
ergy ranges of the exploring decay processes. Charmo-
nia generate difficulties in interpretation of experimental
results, because the pure cc¯ states may emerge as the
resonances in the mass distributions of the processes,
or generate background effects due to states dynami-
cally connected with cc¯ levels. Only after eliminating
effects of the charmonium states in forming of the ex-
perimental data, observed resonances can be considered
as real exotic particles. The well-known X(3872) state
is the best sample to illustrate existing problems. It
was discovered as very narrow resonance in B meson de-
cay B → KX → KJ/ψρ → KJ/ψpi+pi− by the Belle
Collaboration [5], and was later confirmed in CDF, D0
and BaBar experiments (see, Refs. [6–8]). Its other pro-
duction mechanisms running through decay chains B →
KX → KJ/ψω → KJ/ψpi+pi−pi0, B → KX → KJ/ψγ
and B → KX → Kψ(2S)γ were also experimentally
measured and comprehensively studied [9, 10]. The gath-
ered information poses severe restrictions on theoretical
models claiming to describe a behavior of the X(3872)
state. Attempts were made to explain the collected data
by treating X(3872) as the excited conventional charmo-
nium χc1(2
3P1) [11], or as the state formed due to dy-
namical coupled-channel effects [12]. It was considered in
the context of four-quark compounds, both as the DD¯⋆
molecule or its admixtures with the charmonium states
[13–16], and as the diquark-antidiquarks states [17–21].
But existence of the tetraquarks, which do not con-
tain c¯c or b¯b pairs is also possible, because fundamental
laws of QCD do not forbid production of such resonances
in hadronic processes. These particles may appear in
the exclusive reactions as the open charm (i.e., as states
containing c or c¯ quarks) and open bottom resonances.
The D⋆s0(2317) and Ds1(2460) mesons discovered by the
BaBar and CLEO collaborations [22, 23], are now be-
ing considered as candidates to open charm tetraquark
states. The X(5568) resonance remains a unique candi-
date to the open bottom tetraquark, which is also a par-
ticle containing four different quarks. Unfortunately, the
experimental situation formed around X(5568) remains
unclear. Indeed, the evidence for X(5568) was first an-
nounced by the D0 Collaboration in Ref. [24]. Later it
was seen again by D0 in the B0s meson’s semileptonic
decays [25]. Nevertheless, the LHCb and CMS collabo-
rations could not see the same resonance from analysis
of their experimental data [26, 27]. Theoretical inves-
tigations aiming to explain the nature of X(5568) and
calculate its parameters lead also to contradictory con-
clusions. Predictions obtained in some of these works are
in a nice agreement with results of the D0 Collaboration,
while in others even an existence of the X(5568) state
is an object of doubts. The detailed discussions of these
and related questions of the X(5568) state’ physics can
be found in original works (see, Ref. [2] and references
therein).
2The open charm-bottom tetraquarks belong to another
type of exotic states. They already attracted an inter-
est of physicists even till now were not observed experi-
mentally. The original investigations of these particles
started more than two decades ago, and, therefore, a
considerable theoretical information on their expecting
properties is available in the literature. For example,
the open charm-bottom type tetraquarks with the con-
tents {Qq}{Q′q}, {Qs}{Q′s} and molecule structures
were considered in Refs. [28] and [29], respectively. In
these papers the masses of these hypothetical states were
calculated in the context of QCD two-point sum rule ap-
proach using in the operator product expansion (OPE)
the operators up to dimension six. In the framework of
the diquark-antidiquark model the open charm-bottom
states were analyzed in Ref. [30]. In order to extract
masses of these states, the authors again utilized QCD
sum rule method and interpolating currents of different
color structure. Other aspects of these tetraquark sys-
tems can be found in Refs. [31–35].
In a previous article [36] we explored the charged scalar
JP = 0+ tetraquark states Zq = [cq][b¯q¯] and Zs = [cs][b¯s¯]
in the context of the diquark-antidiquark model, and
calculated their masses and widths some of their de-
cay channels. In the present work we extend our in-
vestigations by including into analysis the axial-vector
JP = 1+ Zq = [cq][b¯q¯] and Zs = [cs][b¯s¯] open charm-
bottom tetraquarks, and their kinematically allowed de-
cay modes.
We start from calculation of their masses and meson-
current couplings. For these purposes, we employ QCD
two-point sum rule method, which was invented to cal-
culate parameters of the conventional hadrons [37], but
soon was applied to analysis of the exotic states, as well
(see, Refs. [38–41]). The parameters of the open charm-
bottom tetraquarks obtained within this method are used
to explore the strong vertices ZqBcρ and ZsBcφ, and cal-
culate the corresponding couplings gZqBcρ and gZsBcφ.
These couplings are required to evaluate the widths of the
Zq → Bcρ and Zs → Bcφ decays. To this end, we apply
QCD light-cone sum method and soft-meson approxima-
tion proposed in Refs. [42–44]. For analysis of the strong
vertices of tetraquarks the method was, for the first time,
examined in Ref. [45], and afterwards successfully used
to investigate decay channels of some tetraquarks states
(see, Refs. [46–48]).
The present work is organized in the following manner.
In Sec. II we calculate the masses and meson-current cou-
plings of the axial-vector tetraquarks with open charm-
bottom contents. Section III is devoted to computation
of the strong couplings gZqBcρ and gZsBcφ. In this sec-
tion we calculate the widths of the decays Zq → Bcρ and
Zs → Bcφ. In Sec. IV we examine our results as a part of
the general tetraquark’s physics and compare them with
predictions of Ref. [30], where the masses of the axial-
vector open charm-bottom tetraquarks were found. It
contains also our concluding remarks.
II. MASSES AND MESON-CURRENT
COUPLINGS
In order to find the masses and meson-current cou-
plings of the diquark-antidiquark type axial-vector states
Zq and Zs, we use the two-point QCD sum rules. Be-
low the explicit expressions for the Zq state are written
down. Their generalization to embrace Zs tetraquark is
straightforward.
The two-point sum rule can be extracted from analysis
of the correlation function
Πµν(p) = i
∫
d4xeipx〈0|T {Jµ(x)J†ν (0)}|0〉, (1)
where Jµ is the interpolating current of the Zq state.
The scalar and axial-vector open charm-bottom
diquark-antidiquark states can be modeled using differ-
ent type of interpolating currents [30]. Thus, the interpo-
lating currents can be either symmetric or antisymmetric
in the color indices. In our previous work we chose the
symmetric interpolating current to find masses and de-
cay widths of the scalar open charm-bottom tetraquarks
[36]. In the present work to consider the axial-vector
tetraquark states Zq and Zs we use again the interpolat-
ing currents, which are symmetric in the color indices.
Such axial-vector current has the following form
Jµ = q
T
a Cγ5cb
(
qaγµCb
T
b + qbγµCb
T
a
)
, (2)
and is symmetric under exchange of the color indices a↔
b. Here by C we denote the charge conjugation matrix.
To derive QCD sum rules for the mass and meson-
current coupling we follow standard prescriptions of the
sum rule method and express the correlation function
Πµν(p) in terms of the physical parameters of the Zq
state, which results in obtaining ΠPhysµν (p). From another
side the same function should be obtained in terms of the
quark-gluon degrees of freedom ΠQCDµν (p).
We start from the function ΠPhysµν (p) and compute it
by suggesting, that the tetraquarks under consideration
are the ground states in the relevant hadronic channels.
After saturating the correlation function with a complete
set of the Zq states and performing in Eq. (1) integration
over x , we get the required expression for ΠPhysµν (p)
ΠPhysµν (p) =
〈0|Jµ|Zq(p)〉〈Zq(p)|J†ν |0〉
m2Z − p2
+ ...
where mZ is the mass of the Zq state, and dots indicate
contributions coming from higher resonances and contin-
uum states. We introduce the meson-current coupling fZ
by means of the equality
〈0|Jµ|Zq(p)〉 = fZmZεµ,
where εµ is polarization vector of the axial-vector
tetraquark. In terms of mZ and fZ the correlation func-
tion takes the simple form
ΠPhysµν (p) =
m2Zf
2
Z
m2Z − p2
(
−gµν + pµpν
m2Z
)
+ . . . (3)
3Having applied the Borel transformation to the function
ΠPhysµν (p) we get
Bp2ΠPhysµν (p2) = m2Zf2Ze−m
2
Z/M
2
(
−gµν + pµpν
m2Z
)
+ . . .
(4)
In order to obtain the function ΠQCDµν (p) we substitute
the interpolating current given by Eq. (2) into Eq. (1),
and employ the light and heavy quark propagators in
calculations. For ΠQCDµν (p), as a result, we get:
ΠQCDµν (p) = i
∫
d4xeipx
{
Tr
[
γµS˜
b′b
b (−x)γνSa
′a
q (−x)
]
×Tr
[
γ5S˜
aa′
q (x)γ5S
bb′
c (x)
]
+Tr
[
γµS˜
a′b
b (−x)
× γνSb
′a
q (−x)
]
Tr
[
γ5S˜
aa′
q (x)γ5S
bb′
c (x)
]
+Tr
[
γµS˜
b′a
b (−x)γνSa
′b
q (−x)
]
Tr
[
γ5S˜
aa′
q (x)γ5S
bb′
c (x)
]
+Tr
[
γµS˜
a′a
b (−x)γνSb
′b
q (−x)
]
Tr
[
γ5S˜
aa′
q (x)γ5S
bb′
c (x)
]}
,
(5)
where
S˜abq(b)(x) = CS
Tab
q(b)(x)C, (6)
with Sq(x) and Sb(x) being the q- and b-quark propaga-
tors, respectively.
We proceed including into analysis the well known ex-
pressions of the light and heavy quark propagators. For
our aims it is convenient to use the x-space expression of
the light quark propagator,
Sabq (x) = iδab
/x
2pi2x4
− δab mq
4pi2x2
− δab 〈qq〉
12
+iδab
/xmq〈qq〉
48
− δab x
2
192
〈qgsσGq〉 + iδabx
2/xmq
1152
〈qgsσGq〉
−i gsG
αβ
ab
32pi2x2
[/xσαβ + σαβ/x]− iδabx
2/xg2s〈qq〉2
7776
−δabx
4〈qq〉〈gsq2G2〉
27648
+ . . . . (7)
For the heavy Q = b, c quarks we utilize the propagator
SabQ (x) given in the momentum space in Ref. [49]:
SabQ (x) = i
∫
d4k
(2pi)4
e−ikx
{
δab (/k +mQ)
k2 −m2Q
−gsG
αβ
ab
4
σαβ (/k +mQ) + (/k +mQ)σαβ
(k2 −m2Q)2
+
g2sG
2
12
δabmQ
k2 +mQ/k
(k2 −m2Q)4
+
g3sG
3
48
δab
(/k +mQ)
(k2 −m2Q)6
× [/k (k2 − 3m2Q)+ 2mQ (2k2 −m2Q)] (/k +mQ) + . . .
}
.
(8)
Parameters Values
mBc (6275.1 ± 1.0) MeV
fBc (528± 19) MeV
mρ (775.26 ± 0.25) MeV
fρ 216± 3 MeV
mφ (1019.461 ± 0.019) MeV
fφ 215± 5 MeV
mb 4.18
+0.04
−0.03 GeV
mc (1.27± 0.03) GeV
ms 96
+8
−4 MeV
〈q¯q〉 (−0.24± 0.01)3 GeV3
〈s¯s〉 0.8 〈q¯q〉
m20 (0.8± 0.1) GeV
2
〈qgsσGq〉 m
2
0〈q¯q〉
〈sgsσGs〉 m
2
0〈s¯s〉
〈αsG
2
pi
〉 (0.012 ± 0.004) GeV4
〈g3sG
3〉 (0.57± 0.29) GeV6
TABLE I: Input parameters.
In the expressions above
Gαβab = G
αβ
A t
A
ab, G
2 = GAαβG
A
αβ ,
G3 = fABCGAµνG
B
νδG
C
δµ, (9)
where a, b = 1, 2, 3 are color indices and A,B,C =
1, 2 . . . 8. Here tA = λA/2 , where λA are the Gell-Mann
matrices, and the gluon field strength tensor is fixed at
x = 0, i.e. GAαβ ≡ GAαβ(0) .
The QCD sum rules can be derived after fixing the
Lorentz structures in both the physical and theoretical
expressions of the correlation function and equating the
correspondent invariant functions. In the case of the
axial-vector particles the Lorentz structures in these ex-
pressions are ones ∼ gµν and ∼ pµpν . Because, the struc-
tures ∼ pµpν are contaminated by the scalar states with
the same quark contents, we choose ∼ gµν and the in-
variant function ΠQCD(p2) corresponding to this struc-
ture. Then in the theoretical side of the sum rule there
is only one invariant function ΠQCD(p2), which can be
represented as the dispersion integral
ΠQCD(p2) =
∫ ∞
M2
ρQCD(s)
s− p2 ds+ ..., (10)
where the lower limit of the integral M in the case un-
der consideration is equal to M = mb + mc . When
considering the Zs state it should be replaced by M =
mb +mc + 2ms.
In Eq. (10), ρQCD(s) is the spectral density calculated
as the imaginary part of the correlation function. It is
the important component of the sum rule calculations.
Because the technical tools necessary for derivation of
ρQCD(s) in the case of the tetraquark states are well
known and explained in the clear form in Refs. [45, 50],
4here we avoid providing details of relevant manipulations,
and refrain also from presenting explicit expressions for
ρQCD(s). We want to emphasize only that the spectral
density is computed by taking into account vacuum con-
densates up to dimension eight, and include effects of
the quark 〈qq〉, gluon 〈αsG2/pi〉, 〈g3sG3〉, mixed 〈qgsσGq〉
condensates, and also terms of their products.
Applying the Borel transformation on the variable p2
to the invariant function ΠQCD(p2), equating the ob-
tained expression with Bp2ΠPhys(p), and subtracting the
contribution of higher resonances and continuum states,
one finds the required sum rule. Then the sum rule for
the mass of the Zq state reads
m2Z =
∫ s0
M2
dsρQCD(s)se−s/M
2∫ s0
M2
dsρQCD(s)e−s/M2
. (11)
The meson-current coupling fZ can be extracted from
the sum rule:
f2Zm
2
Ze
−m2Z/M
2
=
∫ s0
M2
dsρQCD(s)e−s/M
2
. (12)
In Eqs. (11) and (12) by s0 we denote the threshold pa-
rameter, that separates the ground state’s contribution
from contributions arising due to higher resonances and
continuum.
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FIG. 1: The perturbative and nonperturbative contributions to the sum rule as functions of M2 at an average s0 (left panel),
and as functions of s0 at an average M
2 (right panel).
The sum rules contain the parameters, which are neces-
sary for numerical computations: Their numerical values
are collected in Table I. The quark and gluon conden-
sates are well known, therefore we utilize their standard
values. The Table I contains also Bc, ρ and φ mesons’
masses (see, Ref. [51]) and decay constants, which will
serve as input parameters when computing the strong
couplings and decay widths. It is worth noting that for
fρ, φ and fBc we use the sum rule estimations from Refs.
[52, 53].
The sum rules Eqs. (11) and (12) contain also two pa-
rameters s0 and M
2, choices of which are decisive to ex-
tract reliable estimations for the quantities under ques-
tion. The continuum threshold s0 determines a boundary
that dissects ground state contribution from ones due to
excited resonances and continuum. It depends on the en-
ergy of the first excited state corresponding to the ground
state hadron. The continuum threshold s0 can also be
found from analysis of the pole to total contribution ra-
tio. The analysis done in the case of the tetraquark Zq
allows us to fix a working interval for s0 as
59 GeV2 ≤ s0 ≤ 60 GeV2. (13)
The Borel parameter M2 has also to satisfy well-known
requirements. Namely, convergence of OPE and exceed-
ing of the perturbative contribution over the nonpertur-
bative one fixes a lower bound of the allowed values of
M2. The upper limit of the Borel parameter is deter-
mined to achieve the largest possible pole contribution
to the sum rule. These constraints lead to the following
working window for M2
8.2 GeV2 ≤M2 ≤ 8.4 GeV2. (14)
In Figs. 1 and 2 we graphically demonstrate some
5FIG. 2: Contributions to the sum rule arising from the nonperturbative operators of different dimensions are shown as functions
of the Borel parameter at an average value of s0 (left panel), and as functions of the threshold parameter s0 at an average M
2
(right panel).
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FIG. 3: The mass (left panel) and meson-current coupling (right panel) as functions of the Borel parameter M2 at fixed values
of the continuum threshold s0.
stages in extracting of the working regions for these pa-
rameters. Thus, in Fig. 1 the perturbative and nonper-
turbative contributions to the sum rule in the chosen re-
gions for s0 and M
2 are depicted. The convergence of
OPE can be seen by inspecting Fig. 2, where the effects
of the operators of the different dimensions are plotted.
By varying the parameters s0 andM
2 within their work-
ing ranges we find, that the pole contribution to the mass
sum rule amounts to ∼ 65% of the result.
The final results for the mass and meson-current cou-
pling of the Zq state are drawn in Fig. 3 and collected in
Table II. As is seen from Fig. 3, the quantities extracted
from the sum rules demonstrate a mild dependence on
M2, whereas effects of s0 on them are sizable. The un-
certainties generated by the parameters s0 and M
2 are
main sources of errors, which are inherent part of sum
rule computations and equal up to 30% of the whole in-
tegral.
The mass and meson-current coupling of the Zs state
can be obtained from the similar calculations, the dif-
ference being only in terms ∼ ms kept in the spectral
density, whereas in Zq calculations we set mq = 0. These
modifications and also replacementM⇒ mb+mc+2ms
in the integrals result in shifting of the working ranges of
the parameters s0 andM
2 towards slightly larger values,
which now read
60 GeV2 ≤ s0 ≤ 61 GeV2,
8.4 GeV2 ≤M2 ≤ 8.6 GeV2. (15)
Predictions for mZs and fZs obtained using s0 and M
2
from Eq. (15) are also written down in Table II.
6Mass, m.-c. coupling Results
mZq (7.06 ± 0.74) GeV
fZq (0.33± 0.11) · 10
−2 GeV4
mZs (7.30 ± 0.76) GeV
fZs (0.63 ± 0.19)10
−2 GeV4
TABLE II: The sum rule results for the masses and meson-
current couplings of the axial-vector Zq and Zs states.
III. Zq → Bcρ AND Zs → Bcφ DECAYS
In this section we investigate the strong decays of the
exotic axial-vector Zq(s) states, and calculate widths of
their main decay modes, which, in accordance with re-
sults of Sec. II, are kinematically allowed.
One can see, that the quantum numbers, quark content
and mass of the Zq tetraquark make the process Zq →
Bcρ its preferable decay mode. The Zs state may decay
to Bc and φ mesons. It is worth noting that, due to the
ρ−ω and ω−φmixing, the processes Zq → Bcω and Zs →
Bcω are also among their kinematically allowed decay
channels. But because, for example, φ and ω mesons
are almost pure ss and
(
uu+ dd
)
/
√
2 states the Zs →
Bcω process is unessential provided the mass of Zs allows
its decay to φ meson: Alternative channels with ω may
play an important role in exploration of the tetraquark
states containing s¯s pair, if their masses are not enough
to create φ meson.
We are going to carry out a required analysis and write
down all expressions necessary to find the Zq → Bcρ de-
cay’s width. After rather trivial replacements in corre-
sponding formulas and input parameters, the same cal-
culations can easily be repeated for the Zs → Bcφ decay.
As first step we have to compute the coupling gZqBcρ,
which describes the strong interaction in the vertex
ZqBcρ, and can be extracted from the QCD sum rule.
To this end, we explore the correlation function
Πµ(p, q) = i
∫
d4xeipx〈ρ(q)|T {JBc(x)J†µ(0)}|0〉, (16)
where JBc(x) is the interpolating current of the Bc me-
son: It is defined in the form
JBc(x) = ibl(x)γ5cl(x). (17)
The correlation function in Eq. (16) is introduced in the
form, which implies usage of the light-cone sum rule
method. Indeed, Πµ(p, q) will be computed employing
QCD sum rule on the light-cone by using a technique of
the soft-meson approximation.
In terms of the physical parameters of the involved
particles and coupling gZqBcρ the function Πµ(p, q) has a
simple form and generates the phenomenological side of
the sum rule. Namely,
ΠPhysµ (p, q) =
〈0|JBc |Bc (p)〉
p2 −m2Bc
〈Bc (p) ρ(q)|Zq(p′)〉
×〈Zq(p
′)|J†µ|0〉
p′2 −m2Z
+ . . . , (18)
where p, q and p′ = p+ q are the momenta of Bc, ρ and
Zq particles, respectively. The term presented above is
the contribution of the ground state: the dots stand for
effects of the higher resonances and continuum states.
We introduce the Bc meson matrix element
〈0|JBc |Bc (p)〉 =
fBcm
2
Bc
mb +mc
where mBc and fBc are the mass and decay constant of
the Bc meson, and also the matrix element corresponding
to the vertex
〈Bc (p) ρ(q)|Zq(p′)〉 = gZqBcρ [(q · ε′) (p′ · ε∗)
− (q · p′) (ε∗ · ε′)] . (19)
Then the ground state term in the correlation function
can be easily found, as:
ΠPhysµ (p, q) =
fBcfZmZm
2
Bc
gZqBcρ
(p′2 −m2Z)
(
p2 −m2Bc
)
(mb +mc)
×
(
m2Z −m2Bc
2
ε∗µ − p′ · ε∗qµ
)
+ . . . . (20)
Strong vertices of a tetraquark with two conventional
mesons differ from vertices containing only ordinary
mesons. The reason here is very simple: the tetraquark
Zq is a state composed of four valence quarks, there-
fore the expansion of the non-local correlation function
Πµ(p, q) leads to the expression, which instead of distri-
bution amplitudes of ρ meson depends on its local matrix
elements (of course, same arguments are valid for Zs, as
well). Then, the conservation of the four-momentum at
the vertex ZqBcρ equals q to zero. In other words, within
the light-cone sum rule method the momentum of ρ me-
son should be equal to zero in our case. In vertices of
ordinary hadrons four-momenta of all involved particles
can take nonzero values. The soft-meson approximation
corresponds to a situation when q = 0. Calculations of
the same strong couplings within the full light-cone sum
rule method and in the soft-meson approximation demon-
strated that the difference between results extracted us-
ing these two approaches is numerically small (for de-
tailed discussion, see Ref. [44]).
In the soft limit p = p′, only the term that survives
in Eq. (20) is ∼ ε∗µ. The invariant function ΠPhys(p2)
corresponding to this structure depends on the variable
p2, and is given as
ΠPhys(p2) =
fBcfZmZm
2
Bc
gZsBcη
2 (p2 −m2)2 (mb +mc)
× (m2Z −m2Bc)+ . . . , (21)
7where m2 =
(
m2Z +m
2
Bc
)
/2.
In the soft-meson approximation we additionally apply
the operator (
1−M2 d
dM2
)
M2em
2/M2 , (22)
to both sides of the sum rule. The last operation is re-
quired to remove all unsuppressed contributions existing
in the physical side of the sum rule in the soft-meson
limit (see, Ref. [43]).
The second component of the sum rule, i.e. QCD ex-
pression for the correlation function ΠQCDµ (p, q) is calcu-
lated employing the quark propagators and shown below
ΠQCDµ (p, q) = −i
∫
d4xeipx
{[
γ5S˜
ib
c (x)γ5
×S˜bib (−x)γµ
]
αβ
〈ρ(q)|qaαqaβ |0〉
+
[
γ5S˜
ib
c (x)γ5S˜
ai
b (−x)γµ
]
αβ
〈ρ(q)|saαsbβ |0〉
}
, (23)
with α and β being the spinor indices.
We continue our calculations by employing the expan-
sion
qaαq
b
β →
1
4
Γjβα
(
qaΓjqb
)
, (24)
where Γj = 1, γ5, γµ, iγ5γµ, σµν/
√
2 is the full set of
Dirac matrices, and carry out the color summation.
Prescriptions to perform summation over color indices,
as well as procedures to calculate resulting integrals and
extract the imaginary part of the correlation function
ΠQCDµ (p, q) were numerously presented in our previous
works Refs. [45–48]. Therefore, here we skip further de-
tails, and provide the ρ meson local matrix elements that
in the soft limit contribute to the spectral density, as well
as, final formulas for the spectral density ρc(s).
Analysis demonstrates that in the soft limit only the
matrix elements
〈0|qγµq|ρ0(p)〉 = 1√
2
fρmρεµ, (25)
and
〈0|qgG˜µνγνγ5q|ρ0(p)〉 = 1√
2
fρm
3
ρζ4ρεµ, (26)
are involved into computations, where q denotes one of
the u or d quarks. The matrix elements depend on the
ρ meson mass mρ and decay constant fρ. The twist-4
matrix element in Eq. (26), as a factor, contains also the
parameter ζ4ρ. Its numerical value was extracted at the
scale µ = 1 GeV from the sum rule calculations in Ref.
[52] and equals to
ζ4ρ = 0.07± 0.03.
The final expression of the spectral density has the
form
ρc(s) =
fρmρ
24
√
2
[
F pert.(s) + F n.−pert.(s)
]
. (27)
Here F pert.(s) is the perturbative contribution to ρc(s)
F pert.(s) =
1
pi2s2
{[
s2 + s
(
m2b + 6mbmc +m
2
c
)
−2(m2b −m2c)2
]}√
(s+m2b −m2c)2 − 4m2bs, (28)
whereas by F n.−pert.(s) we denote its nonperturbative
component. The function F n.−pert.(s) is the sum of the
terms
F n.−pert.(s) = F n.−pert.G (s) +
〈αsG2
pi
〉∫ 1
0
fg2sG2(z, s)dz
+
〈
g3sG
3
〉∫ 1
0
fg3sG3(z, s)dz
+
〈αsG2
pi
〉2 ∫ 1
0
f(g2sG2)2(z, s)dz. (29)
Here F n.−pert.G (s) appears from integration of the pertur-
bative component of one heavy quark propagator with
the term ∼ G from another one. It can be expressed
using the matrix element given by Eq. (26) and has a
rather simple form
F n.−pert.G (s) =
3m2ρζ4ρ
2pi2s
√
(s+m2b −m2c)
2 − 4m2bs. (30)
The nonperturbative factors in front of the integrals,
and subscripts of the functions clearly indicate the ori-
gin of the remaining terms. In fact, the functions fg2sG2 ,
fg3sG3 are due to products of ∼ g2sG2 and ∼ g3sG3 terms
with the perturbative component of another propaga-
tor, whereas f(g2sG2)2 comes from integrals obtained us-
ing ∼ g2sG2 components of b and c quarks’ propagators.
These terms are four, six and eight dimensional nonper-
turbative contributions to the spectral density ρc(s), re-
spectively. Their explicit forms are presented below:
fg2sG2(z, s) =
1
12z2(z − 1)2
{
54(1− z)z2δ(s− Φ) + [8m2b(z − 1)3 + z2 (27s(1− z)− 8m2bz)
+2mbmc
(
4 + 15z + 12z2
)]
δ(1)(s− Φ)− 4s [m2b(1− z)3 +mbmcz(1− z)−m2cz3] δ(2)(s− Φ)} , (31)
8fg3sG3(z, s) =
1
15 · 26z5(z − 1)5
{−12z2(z − 1)2 [3m2b(z − 1)5 + 3mbmc((1 − z)5 + z5) + z (−3m2cz4
+s
(
1− 8z + 25z2 − 40z3 + 33z4 − 11z5))] δ(2)(s− Φ) + 2z(z − 1) [m2b(z − 1)5 (7m2b − 4mbmc − 9sz(2z − 1))
+2mbmcz
2
(
2m2cz
3 − 9s(z − 1)2(1− 3z + 3z2))+ z3 (−7m4cz2 + 9sm2cz2(1− 3z + 2z2) + 2s2(z − 1)3(2− 7z + 7z2))]
×δ(3)(s− Φ) + [−2m5bmc(z − 1)5 + 7m4bsz(z − 1)6 − 4m3bmcsz2(z − 1)5 − 6m2bs2z3(z − 1)6 + 2mbmcz4
× (−3s2(z − 1)4 +m4cz + 2m2csz(z − 1)2)+ s(z − 1)z5 (s2(z − 1)4 − 7m4cz + 6m2csz(z − 1)2)] δ(4)(s− Φ)} , (32)
f(g2sG2)2(z, s) =
mbmc
54z2(z − 1)2
{
2
[
mbmc − s(1− 3z + 3z2)
]
δ(4)(s− Φ) + s[mbmc + s(1− z)z]δ(5)(s− Φ)
}
, (33)
where,
δ(n)(s− Φ) = d
n
dsn
δ(s− Φ),
with Φ being defined as
Φ =
m2b(1− z) +m2cz
z(1− z) .
The final sum rule to evaluate the strong coupling
reads
gZqBcρ =
2(mb +mc)
fBcfZmZm
2
Bc
(m2Z −m2Bc)
(
1−M2 d
dM2
)
×M2
∫ s0
(mb+mc)2
dse(m
2−s)/M2ρc(s). (34)
To calculate the width of the decay Zq → Bcρ we use the
expression,
Γ (Zq → Bcρ) =
g2ZqBcρm
2
ρ
24pi
λ (mZ , mBc ,mρ)
×
[
3 +
2λ2
(
mZq , mBc ,mρ
)
m2ρ
]
, (35)
where
λ(a, b, c) =
√
a4 + b4 + c4 − 2 (a2b2 + a2c2 + b2c2)
2a
.
Parameters necessary for numerical calculations of the
strong coupling gZqBcρ and Γ (Zq → Bcρ) are listed in
Table I. The investigation carried out in accordance with
standard requirements of the sum rule calculations al-
lows us to determine the ranges for s0 and M
2. For
example, the pole contribution to the sum rule amounts
to ∼ 48− 60% of the total result, as is seen from Fig. 4.
Other constraints, i.e. convergence of OPE, prevalence of
the perturbative contribution have been checked, as well.
Summing up the performed analysis we fix the interval
for the continuum threshold s0 as in the mass calcula-
tions (see, Eq. (13)), whereas for the Borel parameter we
obtain
8 GeV2 ≤M2 ≤ 9 GeV2, (36)
which is wider than the corresponding window in the
mass sum rule.
In Fig. 5 we provide our final results and depict the
strong coupling gZqBcρ as the function of the Borel pa-
rameter (at fixed s0) and as the function of the continuum
threshold (at fixed M2). The dependence of the strong
coupling on these parameters has a traditional form, and
systematic errors of the calculations are within reason-
able limits.
The decay Zs → Bcφ can be considered in analogous
manner: One only needs to write down in the relevant
expressions the parameters of the φ meson. Thus, the
matrix elements of the φ meson that take part in forming
of the spectral density are
〈0|sγµs|φ(p)〉 = fφmφεµ,
〈0|sgG˜µνγνγ5s|φ(p)〉 = fφm3φζ4φεµ,
where the twist-4 parameter
ζ4φ = 0.00± 0.02
was estimated and found compatible with zero in Ref.
[52].
In calculations of the coupling gZsBcφ the working re-
gions for the Borel parameter and continuum threshold
are fixed in the form:
60 GeV2 ≤ s0 ≤ 61 GeV2,
8.2 GeV2 ≤M2 ≤ 9.2 GeV2. (37)
Our results for the strong couplings and widths of the
decay modes studied in this work are collected in Table
III.
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FIG. 4: The pole contribution in the gZqBcρ coupling sum rule calculations as a function of the Borel parameter M
2 at fixed
s0 (left panel), and as a function of the threshold s0 at fixed values of M
2 (right panel).
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FIG. 5: The strong coupling gZqBcρ as a function of the Borel parameter M
2 at fixed s0 (left panel), and as a function of the
threshold s0 at fixed values of M
2 (right panel).
Strong couplings, Widths Predictions
gZqBcρ (5.31± 1.25) GeV
−1
gZsBcφ (6.42± 1.52) GeV
−1
Γ(Zq → Bcρ) (80± 32) MeV
Γ(Zs → Bcφ) (168± 68) MeV
TABLE III: The strong couplings and decay widths of the Zq
and Zs tetraquarks.
IV. DISCUSSION AND CONCLUDING
REMARKS
In the present work we have calculated the parameters
of the open charm-bottom axial-vector tetraquark states
Zq and Zs within QCD sum rule method. Their masses
and meson-current couplings have been obtained using
the two-point sum rule method. In these calculations for
Zq and Zs we have used the symmetric in color indices
interpolating currents by assuming that they are ground
states in corresponding tetraquark multiplets. Indeed,
one can anticipate that Zq and Zs are the axial-vector
components of the 1S diquark-antidiquark [cq][b¯q¯] and
[cs][b¯s¯] multiplets, respectively.
During last years some progress was archived in inves-
tigation of the [cq][c¯q¯] and [cs][c¯s¯] multiplets, and clas-
sification of the observed hidden-charm tetraquarks as
their possible members (see, Refs. [54, 55]). Thus, within
the ”type-II” model elaborated in these works, the au-
thors not only identified the multiplet levels with discov-
ered tetraquarks, but also estimated masses of the states,
which had not yet been observed. This model is founded
on some assumptions about a nature of inter-quark and
inter-diquark interactions, and considers spin-spin inter-
actions within diquarks as decisive source of splitting in-
10
side of the multiplet.
The information useful for our purposes is accumulated
in the axial-vector sector of these multiplets. The axial-
vector JPC = 1++ particle in the ground-state [cq][c¯q¯]
multiplet was identified with the well-knownX(3872) res-
onance. The similar analysis carried out for the multi-
plet of [cs][c¯s¯] states demonstrated that its JPC = 1++
level may be considered as X(4140). The mass difference
of the axial-vector resonances belonging to ”q” and ”s”
hidden-charm multiplets is
X(4140)−X(3872) ≈ 270MeV. (38)
In the present work we have evaluated masses of the
axial-vector states from the [cq][b¯q¯] and [cs][b¯s¯] multi-
plets. The mass shift between these multiplets
mZs −mZq ≈ 240MeV, (39)
is in nice agreement with Eq. (38).
Another question to be addressed here is connected
with masses of excited states, which in sum rule cal-
culations determine continuum threshold s0. We have
found that for [cq][b¯q¯] and [cs][b¯s¯] multiplets sum rule
calculations fix the lower bounds of the parameter s0 as
s0 = 59 GeV
2 and s0 = 60 GeV
2, respectively. This
means that sum rule has placed a first excited state to
position
√
s0. In order to estimate a gap between the ex-
cited and ground states we invoke
√
s0 and central values
of Zq and Zs masses. Then, it is not difficult to see, that
for [cq][b¯q¯] type tetraquarks, it equals to
√
s0GeV− 7.06GeV ≈ 0.62GeV, (40)
whereas for the [cs][b¯s¯] one gets
√
s0GeV− 7.30GeV ≈ 0.45GeV. (41)
The masses of 1S and 2S states with JPC = 1+− from
the [cq][c¯q¯′] multiplet were calculated by means of the
two-point sum rule method in Ref. [56]. The ground-
state level 1S was identified with the resonance Zc(3900),
whereas the resonance Z(4430) was included into a mul-
tiplet of the excited 2S states. If this assignment is
correct, then the experimental data provides the mass
difference between the ground and first radially excited
states, which is equal to 530MeV. Results of the calcu-
lations led to predictions MZc(3900) = 3.91
+21
−17GeV and
MZc(4430) = 4.51
+17
−09GeV, and to the mass difference
∼ 600MeV.
The 1S and 2S multiplets of [cs][c¯s¯] tetraquarks were
explored in the context of the ”type-II” model in Ref.
[55]. For the axial-vector levels JPC = 1++ named there
as X states, the 2S− 1S gap is 4600MeV− 4140MeV =
460MeV, and for the particles X(1) and X(2) with the
quantum numbers JPC = 1+− one gets 4600MeV −
4140MeV = 460MeV and 4700MeV − 4274MeV =
426MeV, respectively. Comparison of these results with
ones given by Eqs. (40) and (41) can be considered as con-
firmation of a self-consistent character of the performed
analysis.
In the framework of QCD two-point sum rule approach
masses of the open charm-bottom diquark-antidiquark
states were previously calculated in Ref. [30]. For masses
of the axial-vector tetqaruarks Zq and Zs the authors
found:
mZq = 7.10± 0.09± 0.06± 0.01 GeV, (42)
and
mZs = 7.11± 0.08± 0.05± 0.03 GeV. (43)
These predictions were extracted by using the parameter
s0 = (55 ± 2) GeV2 in calculations of mZq and mZs ,
and M2 = (7.9− 8.2) GeV2 and M2 = (6.7− 7.9) GeV2
for ”q” and ”s” states, respectively. It is seen, that mass
differencesmZs−mZq ≈ 10 MeV and
√
s0−mZq ≈
√
s0−
mZs ≈ 180 MeV can be neither included into ”q” − ”s”
mass-hierarchy scheme of the ground state tetraquarks
nor accepted as giving correct mass shift between 1S and
2S multiplets. Our results formZq andmZs , if differences
are ignored in chosen windows for the parameters s0 and
M2, within theoretical errors may be considered as being
in agreement with the predictions of Ref. [30]. But in our
case the central value of mZs allows the decay process
Zs → Bcφ, whereas for mZs from Eq. (43) it remains
among kinematically forbidden channels.
We have also calculated the widths of the Zq → Bcρ
and Zs → Bcφ decays, which are new results of this work.
Obtained predictions for Γ(Zq → Bcρ) and Γ(Zs → Bcφ)
show that Zq may be considered as a narrow resonance,
whereas Zs belongs to a class of wide tetraquark states.
Investigation of the open charm-bottom axial-vector
tetraquarks performed in the present work within the
diquark-antidiquark picture led to quite interesting pre-
dictions. Theoretical explorations of other members of
the [cq][b¯q¯] and [cs][b¯s¯] tetraquark multiplets, as well as
their experimental studies may shed light on the nature
of multi-quark hadrons.
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